Using dimensional analysis and finite element calculations, we derive simple scaling relationships for loading and unloading curve, contact depth, and hardness. The relationship between hardness and the basic mechanical properties of solids, such as Young's modulus, initial yield strength, and work-hardening exponent, is then obtained. The conditions for 'piling-up' and 'sinking-in' of surface profiles during indentation are determined. A method for estimating contact depth from initial unloading slope is examined. The work done during indentation is also studied. A relationship between the ratio of hardness to elastic modulus and the ratio of irreversible work to total work is discovered. This relationship offers a new method for obtaining hardness and elastic modulus. Finally, a scaling theory for indentation in power-law creep solids using self-similar indenters is developed. A connection between creep and 'indentation size effect' is established. ᮊ
Introduction
For nearly 100 years, indentation experiments have w x been performed to obtain the hardness of materials 1 . Recent years have seen significant improvements in indentation equipment and a growing need to measure the mechanical properties of materials on small scales. It is now possible to monitor, with high precision and accuracy, both the load and displacement of an indenw x ter during indentation experiments 2᎐4 . However, questions remain, including what properties can be measured using instrumented indentation techniques and what is hardness?
Many authors have addressed these basic questions w x 5᎐18 . Rather than an exhaustive literature review, w x this paper summarizes our recent results 19᎐27 , ob-tained using a scaling approach to indentation modeling, that may be useful to the interpretation of indentation hardness measurements.
We consider a three-dimensional, rigid, conical indenter of a given half angle, , indenting normally into a homogeneous solid. The friction coefficient at the contact surface between the indenter and the solid is assumed zero. The quantities of interest from the loading portion of indentation measurements include the Ž . Ž . force F and the contact depth h or the projected Consequently, the hardness under load is independent of indenter displacement, h, or indenter load, F.
Because unloading takes place after loading during which the indenter reaches the maximum depth, h , m the equation for unloading curves is, using dimensional w x analysis 22,25 ,
where ⌸ is a dimensionless function of five parame-␥ ters, YrE, hrh ,¨, n and . In contrast to loading, Eq. m Ž . 4 shows that the force, F, is, in general, no longer simply proportional to the square of the indenter displacement, h. It also depends on the ratio, hrh , m through the dimensionless function ⌸ .
␥
Because there is, as yet, no analytical solution to the problem of conical indentation in elastic᎐plastic solids, finite element calculations using ABAQUS were performed to evaluate the dimensionless functions and w x explore their implications 30 . For the present paper, the results for a rigid indenter of half angle of 68Њ and a Poisson's ratio of 0.3 were summarized. To simplify
sions. The calculations have since been extended to a w x broad range of angles from 35 to 80Њ 31 .
Results and discussion

Indentation loading cur¨es
The finite element calculations confirm that the force, F, is indeed proportional to the square of the displacement, h, for conical indenter indenting a homogeneous solid with or without work-hardening. Furthermore from indentation loading curves provided that the Young's modulus, E, is known. Conversely, E may be obtained if Y U is known. This square-dependence is characteristic of indentation, using self-similar indenters, into homogeneous solids that do not have an intrinsic length scale. Deviations from the square-dependence are expected when there is an intrinsic length associated with either the indenter or the solid. In fact, loading curves may be approximated by second-order polynomials if the indentation depth is on the same order as the tip radius w x of actual conical or pyramidal indenters 21 . When indenting solids that exhibit power-law creep using self-similar indenters, the loading curves can also be w x Ž different from the square dependence 27 discussed . later in the paper . Consequently, the shape of indentation loading curves may be used to detect whether an intrinsic length scale exists in a material.
Contact depth, sinking-in, piling-up, and a method of estimating contact depth
The relationship between h rh and YrE for several c w x values of n is shown in Fig. 3a᎐d 23 . The value of h rh can be either greater or smaller than one, correc sponding to the 'piling-up' and 'sinking-in' of the displaced surface profiles, respectively. For large YrE, sinking-in occurs for all values of n ) 0. For small YrE, both sinking-in and piling-up may occur depending on the degree of work-hardening. In the case of Ž . severe work-hardening i.e. n s 0.5 , sinking-in is expected even for very small values of YrE, whereas piling-up is expected for elastic᎐perfectly plastic solids and for solids with a small work-hardening exponent Ž . e.g. n s 0.1 .
Sinking-in and piling-up of the surface profiles can cause difficulties in estimating contact depth or area. To overcome such difficulties, Oliver and Pharr have proposed a procedure for estimating contact depth w x from initial unloading slope 8 , . wide range of YrE e.g. 10 ᎐10 , such as metals, the Oliver and Pharr procedure may not be accurate. For example, the procedure underestimates the contact area for elastic᎐perfectly plastic solids over most YrE Ž . values Fig. 3a . The error is most significant when piling-up occurs, i.e. h rh ) 1. In fact, the contact c Ž . depth, h , estimated using Eq. 5 is always less than c Ž . h . It should also be noted that Eq. 5 could also m overestimate contact area for materials with a large Ž . work-hardening exponent, e.g. n s 0.5 Fig. 3d . Thus, the Oliver᎐Pharr procedure may be used with confi-Ž dence for highly elastic materials e.g. YrE) 0.05 for . 0.0-n -0.5 . For materials with a wide range of YrE Ž y4 y2 . e.g. 10 ᎐10 , however, this procedure should be used with caution.
Relationship between hardness and mechanical properties
Ž . Ž . Using Eqs. 2 and 3 , the ratio of hardness to initial w x yield strength is given by 22
where ⌸ is a dimensionless function. Clearly, the h hardness is independent of the depth of indentation, h. The ratio HrY is, in principle, a function of YrE,¨, n, Ž . as well as indenter geometry . Taking s 68Њ and s 0.3, for example, the dependence of HrY on YrE and n is illustrated in Fig. 4 . It is apparent that, over the practically relevant range of YrE, the ratio HrY is not a constant. The hardness, H, depends on YrE and n. As expected, work-hardening has a greater effect on the hardness value for small ratio of YrE. For small ratios of YrE, the hardness value can be many times that of the initial yield strength, Y. For a large ratio of YrE, the hardness value approaches 1.7 times the initial yield strength, Y, and is insensitive to n. Fig. 4 lie approximately on a single curve. readily by simple numerical integration based on force and displacement measurements. The ratio of hardness to elastic modulus, HrE U , is of significant interest in tribology. This ratio multiplied by a geometric factor is the 'plasticity index' which describes the deformation properties of rough surfaces w x 33 . The correlation provides an alternative method for measuring HrE U on micro-and nano-meter scale for both metals and ceramics. Furthermore, both H and E U may be obtained using the above correlation together with a well-known relationship between elastic modulus, contact area, and initial unloading slope w x 19,24 .
Indentation into power-law creep solids
Dimensional analysis
We consider a three-dimensional, rigid, conical indenter indenting normally into a homogeneous solid w x with power-law creep 28 
This equation shows that the strain rate dependencė of hardness is contained in the parameter, hrh. Com-Ž . Ž . paring Eq. 11 with Eq. 8 , we observe that, aside from the pre-factor, the power-law dependence oḟ hardness, H, on hrh in indentation experiments is the same as that of stress, , on strain-rate, , in uniaxial creep tests. Thus, the parameter, hrh, can indeed be chosen, aside from a time-independent pre-factor, to represent indentation strain rate, as has been assumed w x by several authors in the past 34᎐40 .
When the force, instead of displacement, is the inde-Ž . pendent variable, Eq. 9 may be integrated to obtain w x 27 :
Ž . with initial condition h 0 s 0. In the following, the above equations are applied to several types of frequently encountered indentation experiments in whicḣ˙˙w x either h, F, or FrF is kept constant 34᎐40 .
Results and discussion˙4 .1. Constant displacement rate, h s h , experiments ċ
When h is constant, the force and hardness are, c Ž .
Ž . according to Eqs. 9 and 11 , 
Thus, the force during loading is proportional to h 2rŽ mq1. . The hardness decreases with increasing indentation load. The creep exponent, m, can be obtained from either the indentation loading curve, thė Ž Ž . Eqs. 9 and 11 , the respective indentation loading curve and hardness may be written, 
Conclusions
We have derived scaling relationships for loading and unloading curve, contact depth, and hardness for indentation in elastic᎐plastic solids with work-hardening. The square dependence of loading curves is characteristic of indentation in homogenous solids using Ž . self-similar indenters e.g. conical and pyramidal . For a given indenter geometry, hardness depends on both the elastic and plastic properties of materials and is not necessarily three times the yield strength. The conditions for 'piling-up' and 'sinking-in' of surface profiles during indentation were obtained. The Oliver᎐Pharr procedure for estimating contact depth may be used with confidence for highly elastic materials. However, this procedure may cause significant error when pilingup occurs. A relationship between the ratio of hardness to elastic modulus and the ratio of irreversible work to total work was found. This relationship offers a new method for obtaining hardness and elastic modulus. Finally, a scaling theory for indentation in power-law creep solids using self-similar indenters was developed. An 'indentation size effect' is expected in experiments using either constant displacement rate or constant loading rate. In contrast, hardness reaches a steady state value in experiments using constant loading rate over load.
These conclusions are the results of the scaling theory based on several clearly specified assumptions, including the ones that describe the behavior of materials w Ž . Ž .x e.g. Eqs. 1 and 8 . In reality, however, materials behavior may be much more complex. For hard materials, for example, the deformation mechanism responsible for the hardness impression may include a signifiw x cant fracture component 41 instead of the purely Ž . elastic᎐plastic behavior given by Eq. 1 . Likewise, alternative mechanisms may be responsible for the observed indentation size effects, including strainw x gradient plasticity 42 , imperfection in the indenter w x w x geometry 43 , and surface roughness 44 . Nevertheless, the conclusions of this study provide a framework for understanding indentation hardness measurements for two classes of materials, i.e. elastic᎐plastic solids w Ž .x with power-law work-hardening Eq. 1 and solids w Ž .x with power-law creep Eq. 8 . These results of this work may also be used to identify new mechanisms responsible for deformation in indentation experiments.
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